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Spectra of finite range Cesaro operators 
By GERALD M. LEIBOWITZ in Storrs (Connecticut, U.S.A.) 
I n [ B H S ] BROWN, HALMOS, a n d SHIELDS s t u d i e d t h e o p e r a t o r s C 0 , C1, C„ 
defined respectively on the spaces I2, L2{0, 1), L2(0, °=), by 
1 " I i l i 
C0x(n) = —— £ x(k), C1x(t) = — / x(s)ds, C^x(t) = — / x(s)ds. 
n+Ik=o 1 a ' o • 
In particular they determined, using Hilbert space techniques, that the adjoint 
of /— Cx is a simple unilateral shift and the adjoint of I—C m is a simple bilateral 
shift, f rom which it follows that the spectrum of Ci is the disk {X: |1 — X\ S i} (with 
point spectrum the.open disk {2:|1— X\ < 1}) and the spectrum of Cm is the circle 
{A:|l— A| = 1} (with point spectrum empty). We should point out that the fact 
that 7— C* is unitary and has spectrum the unit circle can be obtained in another 
way, following ideas of GOLDBERG [G], After mapping L2(0, isometrically onto 
the L2 space of the multiplicative group G of positive real numbers (with respect 
dt _L 
to the Haar measure via x(t), we see that C * , which is given by 
/
A'(5) . 
ds, is the operation of convolution by a certain function cp £.Ll (G). 
, s 
Using the usual notation for Fourier transforms, one computes directly that 1—$ 
has modulus identically 1 and has each point of the unit circle in its essential range. 
It follows at once that /— C* is unitarily equivalent to. an operator which is unitary 
and has the entire unit circle as its spectrum. 
In [Bo], BOYD used an explicit integral formula for the resolvent to show that 
the corresponding operator on Lp(0, <») is a bounded operator mapping L"(0, <*>) 
into itself and having spectrum the circle h : Re — = P- 1 for 1 < p = °° (with 
{ ' . A p J 
defined to be 1 if » = 00V 
P 
Here we determine the spectrum of the corresponding operator T\ on the space 
Lp(0, 1) ( l < / ? ^ ° ° ) and add a few remarks concerning 
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T h e o r e m . Let and let (Txx)(t) = f x(s)ds for xeL"(0, 1). 
o 
Then Ti is a bounded linear operator on Lp(0, 1). The spectrum of T¡ is the closed 
disk Dp = : Re- J j -£ - — - J . Each eigenvalue of Tx has multiplicity 1, and the 
point spectrum of Tx is the interior of Dp. 
P r o o f . By HARDY'S inequality for integrals [HLP, p. 240], if y^Lp{0, «=) then 
Tmy£Lp(0, oo) and \\T„y\\p ^ M p u n l e s s a-e- Hence i s a bounded 
' operator on L"(0, and since the constant is best possible, | | r„ | |p = From 
this it follows that T, is a bounded operator on Lp{0, 1) with norm at most ^ . 
/ 7 - 1 
For if x<EZ/(0, 1) and x(t) = x(t)(0-<t<l), x ( i ) = 0(i == l), then . 
i UP \\TlX\\p = { f \T„x(t)\"dt) 
We observe that if x£Lp( 0, 1), then xZL1^, 1) and hence Txx is a continuous 
function on (0, 1). In particular, the range of 7 \ is a proper subspace of 1 / (0 , 1) so 
0 belongs to the spectrum of T1. 
If and T¡ x=Xx, it follows that x is continuous and hence by the fundamental 
theorem of calculus, that x is differentiable. Differentiating the relation ).tx(t) = 
t ' 
- f x(s)ds, we have 
o 
Xtx\t) + (1-1)*(0 = 0. 
This is an Euler differential.equation of first order and thus its solutions have the 
form x(t) — cta where a is a complex scalar. We find Aa + (A — 1) = 0 or a = — 1 . 
(Thus, considered as a mapping from the space of integrable functions to the space 
of continuous functions on (0, 1), 7 \ has every nonzero number as a simple eigen-
value.) Since f£Lp( 0, 1) iff Re (op) > —1, ¿~1eLp(0,1) iff Re > So the 
A • p 
point spectrum of Tx is the interior of Dp and every eigenvalue of T1 has geometric 
multiplicity 1. (Moreover, since tx$Lp(0, oo) for any a, the operator Thas a void 
point spectrum.) 
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Next let the transformations P? be defined by 
i 
( P c x ) ( 0 = f s~^x(st)ds. 
o 
. j 
Then by Boyd's formula, is a bounded operator on Lp(0, 1) if Re f < -
and for such = CI^P j = P(-Tt. Hence if Re 4" < — - and i = A - 1 , 
At ' p 
we see that — — £ / i s a bounded operator inverse for 7 \ —A/; so A belongs to the 
resolvent set for T^. Thus a(Tl)c.Dp. 
The spectrum of a bounded operator being compact, we must have a(Tl)=Dp. 
We observe that the condition Re = - — - is equivalent to the condition: |A| 2S 
A P • 
— R e A,' so that Dp is the disk with center , o j and radius in R2 (where 
2 q = is the conjugate index to p). g .E .D . P 
The argument needs a slight modification when p = Since tx£L°°(p, 1) iff 
Re A=0, we find that t >• 1 is an eigenvector of Tl on LT{0, 1) corresponding to the 
eigenvalue A iíf R e ^ - S 1. (Since /agZ,°°(0, iff Reoc=0, the eigenvalues of Tm 
A 
acting on LT{0, are the scalars A with Re = 1. Hence the operator T^ on 
L~(0, has spectrum which is entirely point spectrum.) Boyd's formula is still 
applicable, so 7\— A/ i s invertible if R e ^ - < 1 . We summarize as follows. 
. - A 
T h e o r e m . Let T j Z>e defined by the formula above. Then T1 is a bounded linear 
operator on L°°{0, 1). spectrum of Tx is the closed disk Dm = |a: ReySl 
The point spectrum of Ty is -DM\{0} and each eigenvalue of Tl has multiplicity 1. 
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